
237 Rue du Faubourg Saint-Honoré, 75008 Paris

0187660050  |        contact@pge-pgo.fr  |       pge-pgo.fr

MATHÉMATIQUES
ANNALES CONCOURS ADVANCE

SUJET OFFICIEL



➱P❘❊❯❱❊ ❉❊ ▼❆❚❍➱▼❆❚■◗❯❊❙
❉✉ré❡ ✿ ✶ ❤ ✸✵

◗✉❡st✐♦♥s ♦❜❧✐❣❛t♦✐r❡s

✶✳ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ s✉r R t❡❧❧❡ q✉❡ lim
x→0

f(x) = 1✳

✭❆✮ lim
x→0

f(x+ 1) = 2

✭❇✮ lim
x→0

f(x2) = 1

✭❈✮ lim
z→1

f(z − 1) = 1

✭❉✮ lim
t→+∞

f
(

1
t

)

= 1

✭❊✮ lim
u→3

f(u2 − 2u− 3) = 0

✷✳ P♦✉r t♦✉t x ∈ R

✭❆✮ ex+2 = ex + e2

✭❇✮ e2x − 2ex + 1 > 0

✭❈✮
√
ex = ex/2

✭❉✮ ❙✐ x > 0, ex ln(x) = xx

✭❊✮ ❙✐ x < 0, e1−x − e−x < 0

✸✳ ❙♦✐t f ❧❛ ❢♦♥❝t✐♦♥ ❞ér✐✈❛❜❧❡ s✉r ]0,+∞[ ❞é✜♥✐❡ ♣❛r f(x) = x ln(x)− x✳

✭❆✮ lim
x→0
x>0

f(x) = 0

✭❇✮ lim
x→+∞

f(x) = 0

✭❈✮ P♦✉r t♦✉t x ∈ ]0,+∞[, f ′(x) = ln(x)

✭❉✮ f ❡st ❝r♦✐ss❛♥t❡ s✉r ]0,+∞[

✭❊✮ P♦✉r t♦✉t x ∈ ]0,+∞[, f(x) > 0

✹✳ ❙♦✐t f ❧❛ ❢♦♥❝t✐♦♥ ❞ér✐✈❛❜❧❡ s✉r R ❞é✜♥✐❡ ♣❛r f(x) = x− e−x✳

✭❆✮ f ❡st str✐❝t❡♠❡♥t ❝r♦✐ss❛♥t❡ s✉r R

✭❇✮ f(1) > 0

✭❈✮ ■❧ ❡①✐st❡ x ∈ ]0, 1[ t❡❧ q✉❡ f(x) = 0

✭❉✮ P♦✉r t♦✉t x ∈ R, f(x) 6 0

✭❊✮ P♦✉r t♦✉t x ∈ R, f ′(x) 6 1
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✺✳ ❙♦✐t B ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ✶✵✵ ❜♦✉❧❡s q✉✐ s♦♥t✱ ❞✬✉♥❡ ♣❛rt✱ s♦✐t r♦✉❣❡ s♦✐t ♥♦✐r❡ ❀ ❞✬❛✉tr❡ ♣❛rt✱ s♦✐t ❡♥ ✈❡rr❡✱ s♦✐t ❡♥ ♣❧❛st✐q✉❡✳
❖♥ ❝♦♥s✐❞èr❡ ❧❡s ✷ é♥♦♥❝és s✉✐✈❛♥ts ✿

P ✿ ❚♦✉t❡ ❜♦✉❧❡ r♦✉❣❡ ❡st ❡♥ ✈❡rr❡

Q ✿ ■❧ ❡①✐st❡ ✉♥❡ ❜♦✉❧❡ ♥♦✐r❡ ❡t ❡♥ ✈❡rr❡

✭❆✮ P♦✉r ♣r♦✉✈❡r q✉❡ P ❡st ❢❛✉①✱ ✐❧ s✉✣t ❞❡ tr♦✉✈❡r ✉♥❡ ❜♦✉❧❡ r♦✉❣❡ ❡t ❡♥ ♣❧❛st✐q✉❡

✭❇✮ P♦✉r ♣r♦✉✈❡r q✉❡ P ❡st ❢❛✉①✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ tr♦✉✈❡r ✉♥❡ ❜♦✉❧❡ r♦✉❣❡ ❡t ❡♥ ♣❧❛st✐q✉❡

✭❈✮ P♦✉r ♣r♦✉✈❡r q✉❡ P ❡st ✈r❛✐✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ✈ér✐✜❡r q✉❡ t♦✉t❡s ❧❡s ❜♦✉❧❡s ♥♦✐r❡s s♦♥t ❡♥ ♣❧❛st✐q✉❡

✭❉✮ ❙✐ Q ❡st ✈r❛✐ ❛❧♦rs P ❡st ❢❛✉①

✭❊✮ ❙✐ P ❡st ❢❛✉① ❛❧♦rs Q ❡st ✈r❛✐

✻✳ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r [0, 2]✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❡s ✷ é♥♦♥❝és s✉✐✈❛♥ts ✿

P ✿ P♦✉r t♦✉t x ∈ [0, 2], f(x) 6= 0

Q ✿ f ♥✬❡st ♣❛s ♣♦s✐t✐✈❡ s✉r [0, 2]

✭❆✮ P s✐❣♥✐✜❡ ✿ f ❡st str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡ s✉r [0, 2] ♦✉ str✐❝t❡♠❡♥t ♥é❣❛t✐✈❡ s✉r [0, 2]

✭❇✮ P s✐❣♥✐✜❡ ✿ P♦✉r t♦✉t x ∈ [0, 2], f(x) < 0 ♦✉ f(x) > 0

✭❈✮ Q s✐❣♥✐✜❡ ✿ f ❡st ♥é❣❛t✐✈❡ s✉r [0, 2]

✭❉✮ ▲❛ ♥é❣❛t✐♦♥ ❞❡ P ♣❡✉t s✬é❝r✐r❡ ✿ f ❡st ❧❛ ❢♦♥❝t✐♦♥ ♥✉❧❧❡ s✉r [0, 2]

✭❊✮ ▲❛ ♥é❣❛t✐♦♥ ❞❡ Q ♣❡✉t s✬é❝r✐r❡ ✿ f ♥✬❡st ♣❛s ♥é❣❛t✐✈❡ s✉r [0, 2]

◗✉❡st✐♦♥s à ❝❤♦✐s✐r

✼✳ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞ér✐✈❛❜❧❡ s✉r [−1, 1]✱ ♣❛✐r❡ ❡t ✈ér✐✜❛♥t ✿ ♣♦✉r t♦✉t x ∈ [0, 1], x6 6 f(x) 6 x2✳

✭❆✮ P♦✉r t♦✉t x ∈ [−1, 0], x6 6 f(x) 6 x2

✭❇✮ f(0) = 0

✭❈✮ f ′(0) = 0

✭❉✮ f ′ ❡st ✐♠♣❛✐r❡

✭❊✮ P♦✉r t♦✉t x ∈ [0, 1], 6x5 6 f ′(x) 6 2x

✽✳ ❙♦✐t (un) ❞é✜♥✐❡ ♣❛r u0 = 2 ❡t ♣♦✉r t♦✉t n ∈ N, un+1 =
un

n+ 1

✭❆✮ (un) ❡st ✉♥❡ s✉✐t❡ ❣é♦♠étr✐q✉❡

✭❇✮ (un) ❡st ❞é❝r♦✐ss❛♥t❡

✭❈✮ (un) ❡st ❝♦♥✈❡r❣❡♥t❡

✭❉✮ P♦✉r t♦✉t n ∈ N, 0 <
un+1

un
6 1

✭❊✮ lim
n→+∞

nun = 1
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✾✳ ✭❆✮

∫

π

4

0

cos(2x) ❞x =
1

2

✭❇✮

∫

π

4

0

cos2(x) ❞x =
π

8
+

1

4

✭❈✮

∫

π

4

0

sin2(x) ❞x =
1

4
− π

8

✭❉✮

∫ 1

0

e2x ❞x = e2 − 1

✭❊✮

∫ e

1

ln(x)

x
❞x =

1

2

✶✵✳ P♦✉r ✉♥ ♥♦♠❜r❡ ❝♦♠♣❧❡①❡ z✱ ❘❡(z) ❞és✐❣♥❡ s❛ ♣❛rt✐❡ ré❡❧❧❡✱ ■♠(z) s❛ ♣❛rt✐❡ ✐♠❛❣✐♥❛✐r❡✳

✭❆✮ ❘❡
(

(1 + i)4
)

= 4 ❘❡(1 + i)

✭❇✮ ❛r❣
(

(1 + i)4
)

= 4 ❛r❣(1 + i) ♠♦❞✉❧♦ 2π

✭❈✮ ■♠
(

(−1 + i
√
3)3

)

= 3 ■♠
(

− 1 + i
√
3
)

✭❉✮
∣

∣(−1 + i
√
3)3

∣

∣ = 3
∣

∣− 1 + i
√
3
∣

∣

✭❊✮
(1 + i)4

(−1 + i
√
3)3

= −1

2

✶✶✳ ❯♥ ♣❛q✉❡t ❞❡ ✶✵ ❝❛rt❡s à ❥♦✉❡r ❝♦♠♣r❡♥❞ ✹ ❛s✱ ✸ r♦✐s ❡t ✸ ❞❛♠❡s✳ ▲❡ t✐r❛❣❡ ❞✬✉♥ ❛s r❛♣♣♦rt❡ ✺ ♣♦✐♥ts✱ ❝❡❧✉✐ ❞✬✉♥ r♦✐ ✷
♣♦✐♥ts t❛♥❞✐s q✉❡ ❝❡❧✉✐ ❞✬✉♥❡ ❞❛♠❡ ❝♦ût❡ ✶ ♣♦✐♥t✳ ❖♥ t✐r❡ s✐♠✉❧t❛♥é♠❡♥t ✷ ❝❛rt❡s ❡t ♦♥ ♥♦t❡ X ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ ♣♦✐♥ts✳

✭❆✮ P (X = 7) =
4

15

✭❇✮ P (X = 4) =
4

15

✭❈✮ P (X = 6) =
4

15

✭❉✮ P (X < 0) =
1

15

✭❊✮ P (X > 1) =
14

15

✶✷✳ ❉❛♥s ❧❡ ♣❧❛♥ r❛♣♣♦rté à ✉♥ r❡♣èr❡ ♦rt❤♦♥♦r♠é (O,
−→
i ,
−→
j )✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❛ ❞r♦✐t❡ ∆ ❞✬éq✉❛t✐♦♥ x− 2y+4 = 0✱ ❧❡s ♣♦✐♥ts

I(1, 0), J(−1, 4) ❡t H(0, 2)✳

✭❆✮ ▲❛ ❞r♦✐t❡ (IH) ❡st ♦rt❤♦❣♦♥❛❧❡ à ∆

✭❇✮ ▲❡s ♣♦✐♥ts I, J ❡t H s♦♥t ❛❧✐❣♥és

✭❈✮ ▲❛ ❞r♦✐t❡ (JH) ❡st ♦rt❤♦❣♦♥❛❧❡ à ∆

✭❉✮ ▲❛ ❞r♦✐t❡ ♦rt❤♦❣♦♥❛❧❡ à ∆ ♣❛ss❛♥t ♣❛r I ❛ ♣♦✉r éq✉❛t✐♦♥ −x+ 2y + 1 = 0

✭❊✮ ∆ ❡st ❧❛ ♠é❞✐❛tr✐❝❡ ❞✉ s❡❣♠❡♥t [IJ ]
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✶✸✳ P♦✉r t♦✉s ❧❡s ❡♥t✐❡rs ♥❛t✉r❡❧s n ❡t p✱ str✐❝t❡♠❡♥t ♣♦s✐t✐❢s

✭❆✮ n2 ♣❛✐r éq✉✐✈❛✉t à n ♣❛✐r

✭❇✮ n2 + p2 ♣❛✐r éq✉✐✈❛✉t à n+ p ♣❛✐r

✭❈✮ ❙✐ np ❡st ✐♠♣❛✐r ❛❧♦rs n+ p ❡st ✐♠♣❛✐r

✭❉✮ ❙✐ np ❡st ✐♠♣❛✐r ❛❧♦rs n2 + np+ p2 ❡st ✐♠♣❛✐r

✭❊✮ ❙✐ n2 + np+ p2 ❡st ♣❛✐r ❛❧♦rs n ❡t p s♦♥t ♣❛✐rs

✶✹✳ ❖♥ s❛✐t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ f(x) =

(

ln(x)
)2

√
x

❡st str✐❝t❡♠❡♥t ❞é❝r♦✐ss❛♥t❡ s✉r [e4,+∞[ ❡t q✉❡ e4 ≈ 54, 598✳

❖♥ ♣r♦❣r❛♠♠❡ ❧✬❛❧❣♦r✐t❤♠❡ s✉✐✈❛♥t ✿

❱❛r✐❛❜❧❡ ✿ n ❡♥t✐❡r ♥❛t✉r❡❧

■♥✐t✐❛❧✐s❛t✐♦♥ ✿ n← 2

❚r❛✐t❡♠❡♥t ✿ ❚❛♥t q✉❡

(

ln(n)
)2

√
n

> 1

n← n+ 1

❋✐♥ ❚❛♥t q✉❡

❙♦rt✐❡ ✿ ❆✣❝❤❡r n

▲❡ ♣r♦❣r❛♠♠❡ ❛✣❝❤❡ ✺✺✵✹✳

❖♥ ♣❡✉t ❛❧♦rs ❛✣r♠❡r

✭❆✮ P♦✉r t♦✉t x ∈ ]5504,+∞[, f(x) > 1

✭❇✮ f(5504) < 1

✭❈✮ ■❧ ❡①✐st❡ x ∈ [5503, 5504],
(

ln(x)
)2

=
√
x

✭❉✮ lim
x→+∞

f(x) < 1

✭❊✮ lim
x→+∞

ln(x)√
x

= 0
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